We prove (i) Nichols algebra B(V ) of vector space V is finite-dimensional if and only if Nichols braided Lie algebra L(V ) is finite-dimensional; (ii) If the rank of connected V is 2 and ∆(B(V )) is an arithmetic root system, then B(V ) = F ⊕L(V ); and (iii) if ∆(B(V )) is an arithmetic root system and there does not exist any minfinity elements with p uu = 1 for any u ∈ D(V ), then dim(B(V )) = ∞ if and only if there exists V ′ , which is twisting equivalent to V , such that dim(L − (V ′ )) = ∞. Furthermore we give an estimation of dimensions of Nichols Lie algebras.
Introduction
Nichols algebras play a prominent role in the theory of pointed Hopf algebras. Recently Heckenberger [He05] established a one-to-one correspondence between arithmetic root systems and Nichols algebras of diagonal type as well as between twisted equivalence classes of arithmetic root systems and generalized Dynkin diagrams. A great deal of attention has been paid to the question of finite-dimensionality of Nichols algebras (see e.g. [AHS08, AS10, An11, He05, He06a, He06b, WZZ14, WZZ15]). The interest in this problem arose from the work of Andruskiewitsch and Schneider [AS98] on classification of finite dimensional (Gelfand-Kirillov) pointed Hopf algebras which are generalizations of quantized enveloping algebras of semi-simple Lie algebras. In [He05] Heckenberger classified braided vector spaces of diagonal type with finite-dimensional Nichols algebras.
Relationship between Nichols algebras and Nichols

Lie algebras
In this section we show that Nichols algebra B(V ) is finite-dimensional if and only if Nichols braided Lie algebra L(V ) is finite-dimensional. 
Conditions for B(V ) = F ⊕ L(V ).
In this section we prove that if the rank of connected V is 2 and B(V ) is an arithmetic root system, then B(V ) = F ⊕ L(V ). Proof. Let 
It is enough to show the rank r(A 0 ) of A 0 is equal to 6. Let 
It is clear that r(A 0 ) = r(A 1 ) = r(A 2 ) + 1 = r(A 3 ) + 2.
(i) Assume a = 0. Let
Then r(A 3 ) = r(A 4 ) = r(A 5 ) + 1. When b = 0, let Consequently, r(A 0 ) = 6.
(iii) Assume a, d = 0. By A 5 , one obtains
Consequently, r(A 7 ) = r(A 8 ) + 1 = r(A 9 ) + 2 = 3. The others can be proved similarly.
Proof. (i) It is clear.
(ii) We prove this by induction on m. set u := u, v := u and let w := u m−2 v, u m−3 vu, . . . ,
We have that
We consider the augmented matrix of this equations: (A,
It is clear that if a 2 1 − a 2 = 0, i.e. p 2 uu = 0, then (1) has a solution. Consequently, the claim holds.
(b). Set a j := p
The augmented matrix of this equations is equivalent to  
Proof. We show this by following several steps. 
, where w m+s := w s for any s, i ∈ N. This implies (p w i ,w i+1 p w i+1 ,w i ) 2 = 1 and we obtain a contrac-
(ii) If there exists 1
✷ Theorem 2.6. If the rank of connected V is 2 and B(V ) is an arithmetic root system, then 
by Lemma 2.3. ✷ Assume that V is a connected braided vector spaces of diagonal type with rank 2 and ∆(B(V )) is an arithmetic root system. Then the basis and dimension of Nichols braided Lie algebra L(V ) are obtained by means of the results in the Appendix.
Proposition 2.7. V is a quantum linear space if and only if span{x
Proof. The sufficiency. It is clear [x i , x j ] = 0 for any i = j, i.e. p ij p ji = 1 for any i = j. Consequently, V is a quantum linear space. The necessity. It is clear x
We show this by induction on r. It is clear when r = 2. When r > 2, let b(
No m-infinity elements in Nichols algebras over finite cyclic groups
In this section we show that there does not exist any m-infinity elements in Nichols algebra B(V ) with arithmetic root system ∆(B(V )) over finite cyclic groups.
Proof. (i) It can be obtained by induction on k.
is an arithmetic root system and V is a YD module over finite cyclic group, then there does not exist any m-infinity element in B(V ). 
It follows that every hard super-letter is nilpotent from Lemma 3.1.
(ii) Assume generalized Dynkin diagram of braided vector space V is the following condition: 
It is clear < y 1 , A >= 0, < y 3 , A >= 0, and (iii) Assume generalized Dynkin diagram of braided vector space V is the following condition: 
. ✷ Lemma 3.3. There does not exist any m-infinity element in B(V ) when ∆(B(V )) is an arithmetic root system and V is of finite Cartan type with ord(q ij ) < ∞ for 1 ≤ i, j ≤ n or dim V = n < 3.
Proof. If ∆(B(V )) is an arithmetic root system of finite Cartan type and ord(q ij ) < ∞ for 1 ≤ i, j ≤ n, then B(V ) is finite dimensional by [AS00, Theorem 3.1 (1)]. Thus there does not exist any m-infinity element. If dim V < 3, then it follows from [He05] .
In this section it is proved that if that ∆(B(V )) is an arithmetic root system and there does not exist any m-infinity elements with p u,u = 1 for any u ∈ D(V ) then dim(B(V )) = ∞ if and only if there exists V ′ , which is twisting equivalent to
Furthermore, we give an estimation of dimensions of Nichols Lie algebras. For braided vector space V , we can define a directed diagram as follows. We use an arrow from i to j to denote p ij = 1:
We use a bi-arrow between i and j to denote p ij = 1 and p ji = 1:
This directed diagram is called a directed generalized Dynkin diagram. Furthermore, we add a line between i and j when p ij p ji = 1. In this case, we call this diagram a mixed generalized Dynkin diagram. We can study Nichols Lie algebras by means of the directed generalized Dynkin diagrams.
Recall the dual B(V * ) of Nichols algebra B(V ) of rank n in [He05, Section 1.3] and [He06b] . Let y 1 , y 2 , · · · , y n be a dual basis of x 1 , x 2 , · · · , x n . δ(y i ) = g 
Lemma 4.2. If < y i , v >= 0 and v is a homogeneous element, then 
Proof. By Lemma 4.2(ii), < y is , u
where
Theorem 4.5. Assume that V is a connected finite Cartan type with Cartan matrix (a ij ) n×n . Let N := ord(q 11 ) and 1 = q ∈ F ; q ij = q ji , 1 ≤ i, j ≤ n.
(i) A n , n > 1:
(ii) B n , n > 2:
(iii) C n , n > 2:
. . .
2 n−1 − 2(n − 1 − 1) + n − 1) + (2(N −2) + (n−1) + (n−3) + (n−3) + 2 + 1) = 2(n−2)(N −2) + 3C 2 n−1 + 2n+ 2N −5.
where q ij q ji = q −1 , q ii = q for 1 ≤ i, j ≤ n. Table A .1] : we set u 1 = x 2 , u 2 = [r], u 3 = x 1 . {p u i ,u i | 1 ≤ i ≤ 3} = {q, q, q}.
(Row 3) T2 (1) [He05, Table A .1] : we set u 1 = x 2 , u 2 = [r], u 3 = x 1 . {p u i ,u i | 1 ≤ i ≤ 3} = {−1, −1, q}.
T2 (2) [He05, Table A .1] : we set u 1 = x 2 , u 2 = [r], u 3 = x 1 . {p u i ,u i | 1 ≤ i ≤ 3} = {−1, q, −1}.
